Abstract. We introduce an inductive argument for proving birational superrigidity and K-stability of singular Fano complete intersections of index one, using the same types of information from lower dimensions. In particular, we prove that a hypersurface in P n+1 of degree n + 1 with only ordinary singularities of multiplicity at most n − 5 is birationally superrigid and K-stable if n ≫ 0. As part of the argument, we also establish an adjunction type result for local volumes of singularities.
Introduction
Due to their close relations to the non-rationality of Fano varieties and the existence of Kähler-Einstein metric, the notions of birational superrigidity and K-(semi)stability have generated a lot of interest. However, it can be challenging to determine whether a given Fano variety is birationally superrigid and K-(semi)stable or not. The case of smooth complete intersections of index one is better understood, thanks to the work of [IM71, Puk98, Che00, dFEM03, dF16, Suz17, Fuj16, Zhu18], culminating into the following theorem. Theorem 1.1 (loc. cit.).
(1) Every smooth hypersurface X ⊆ P n+1 of degree n+ 1 is K-stable and is birationally superrigid when n ≥ 3; (2) Every smooth Fano complete intersection X ⊆ P n+r of index 1, codimension r and dimension n ≥ 10r is birationally superrigid and K-stable.
When the Fano varieties are singular, the situation is less clear, even for hypersurfaces X ⊆ P n+1 of index one with only ordinary singularities (i.e. isolated singularities whose projective tangent cone is smooth). In general, they fail to be birationally superrigid or K-stable when they are too singular. For example, X is rational (resp. admits a birational involution) if it has a point of multiplicity n (resp. n−1), and therefore is not birationally superrigid. By the work of the first author [Liu18] , we also know that a Fano variety is not K-(semi)stable if the local volume at a singular point is too small. On the other hand, it is expected that the index one hypersurfaces X are birationally superrigid and K-stable when their singularities are mild. Indeed, Pukhlikov [Puk02] shows that a general hypersurface X ⊆ P n+1 of degree n + 1 having a singular point of multiplicity µ ≤ n − 2 is birationally superrigid (see also [EP18] which treats general complete intersections whose projective tangent cones are intersections of hyperquadrics), de Fernex [dF17] establishes their birational superrigidity under certain numerical assumption (involving the dimension of singular locus and the Jacobian ideals of linear space sections of X) which in particular applies to index one hypersurfaces X ⊆ P n+1 with ordinary singularities of multiplicity at most 2 √ n + 1 − 7 and Suzuki [Suz17] generalizes his method to certain singular complete intersections. As for K-stability, very little is known except in small dimensions or small degrees, e.g. log del Pezzo surfaces [OSS16] , quasi-smooth 3-folds [JK01] , complete intersection of two quadric hypersurfaces in all dimensions [SS17] , and cubic threefolds with isolated A k (k ≤ 4) singularities [LX17b] .
The main purpose of this paper is to introduce an argument that can be used to prove both birational superrigidity and K-stability for a large class of singular Fano complete intersections of Fano index one (i.e. −K X is linearly equivalent to the hyperplane class). In particular, we have the following results. Theorem 1.2. There exists an absolute constant N ≤ 250 such that every degree n + 1 hypersurface X ⊆ P n+1 with only ordinary singularities of multiplicity at most n − 5 is birationally superrigid and K-stable when n ≥ N. Theorem 1.3. Let δ ≥ −1 and r ≥ 1 be integers, then there exists a constant N depending only on δ and r such that if X ⊆ P n+r is a Fano complete intersection of Fano index 1, codimension r and dimension n ≥ N such that
(1) The singular locus of X has dimension at most δ, (2) Every (projective) tangent cone of X is a Fano complete intersection of index at least 4r + 2δ + 2 and is smooth in dimension r + δ, then X is birationally superrigid and K-stable. Theorem 1.4. Let δ ≥ −1 and m ≥ 1 be integers. Let X ⊆ P n+1 be a hypersurface of degree n + 1. Assume that
(1) The singular locus of X has dimension at most δ and n ≥ 3 2 δ + 1; (2) X has multiplicity e(x, X) ≤ m at every x ∈ X and the corresponding tangent cone is smooth in codimension e(x, X) − 1;
. Then X is birationally superrigid and K-stable.
It may be interesting to look at the asymptotics of Theorem 1.4 as the dimension gets large. By Stirling's formula, the condition (3) can be replaced by following weaker inequality (at least when n − δ ≫ 0):
After taking the logarithm, it is not hard to see that this inequality is satisfied if δ, m ≤ Cn 1−ǫ for some fixed constants C, ǫ > 0 and n ≫ 0. Hence our conditions are asymptotically better than those of [dF17] .
Our proof of these three results has close ties to some local invariants of the singularities, i.e. the minimal non-klt (resp. minimal non-lc) colengths defined as follows.
. Let x ∈ (X, D) be a klt singularity. The minimal non-klt (resp. non-lc) colength of x ∈ (X, D) is defined as
When D = 0, we use the abbreviation ℓ nklt (x, X) (resp. ℓ nlc (x, X)).
These local invariants govern the birational superrigidity and K-stability of index one complete intersection in a certain sense. More precisely, we prove the following criterion. Theorem 1.6. Let δ ≥ −1 be an integer and let X ⊆ P n+r be a Fano complete intersection of index 1, codimension r and dimension n. Assume that (1) The singular locus of X has dimension at most δ and n ≥ 2r + δ + 2; (2) For every x ∈ X and every general linear space section Y ⊆ X of codimension 2r + δ containing x, we have
Then X is birationally superrigid. If in addition, (3) For every x ∈ X and every general linear space section Y ⊆ X of codimension r + δ containing x, we have
When the singularities are mild, the corresponding minimal non-klt (resp. non-lc) colengths tend to be large and indeed they are often exponential in n for a given singularity type. In particular, they grow faster than any polynomial in n and the above criterion automatically applies to yield the birational superrigidity and K-stability of many complete intersections in large dimension. As such, the core of our argument consists of finding suitable lower bounds of minimal non-klt (resp. non-lc) colengths for the various singularities we encounter. This can be done in several different ways by relating these local invariants to the conditional birational superrigidity (as we do for Theorem 1.2 and 1.3) or K-stability (as in the proof of Theorem 1.4) of the tangent cone of the singular point, which is a Fano variety of smaller dimension. Hence essentially we obtain an inductive argument for proving birational superrigidity and K-stability using lower dimensional information.
A natural lower bound of the minimal non-klt (non-lc) colength is given by the local volume and normalized colength (see §2.2 for notation and definition) of the singularity, as introduced in [Li18, BL18] . While these numbers are hard to compute in general, we have an explicit formula for the cone over a K-semistable base as, by the work of [LL19, LX16] , the local volume is computed by the blowup of the vertex in this case. By degeneration and semi-continuity argument, we then get an estimate of local volumes for certain ordinary singularities (indeed, a conjectural lower bound for every ordinary singularity as well). For general singularities, we may try to reduce to this case by taking hyperplane sections. Therefore, a key step in our approach is a comparison between the local volumes of the singularity and its hypersurface section. Theorem 1.7. Let x ∈ (X, D) be a klt singularity of dimension n. Let H be a normal reduced Cartier divisor of X containing x. Assume that H is not an irreducible component of D. Then we have
One may interpret this as saying that "local volume (resp. normalized colength) density" does not increase upon taking hypersurface section, reflecting the principle that singularities can only get worse after restriction to a hypersurface. This paper is organized as follows. We collect some preliminary materials in §2 and prove Theorem 1.6 in §3. It is then applied to prove Theorem 1.2 and Theorem 1.3. In §4 we prove Theorem 1.7 and finally Theorem 1.4 is proved in §5.
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2. Preliminary 2.1. Notation and conventions. We work over C. By a pair (X, D) we mean that X is normal, D is an effective Q-divisor, and K X + D is Q-Cartier. The notions of terminal, canonical, klt and log canonical (lc) singularities are defined in the sense of [Kol13, Definition 2.8]. The tangent cone of a singularity is understood as the projective tangent cone throughout the note. Given a pair (X, D) and an ideal sheaf a (resp. a Q-Cartier divisor ∆), the log canonical threshold of a (resp. ∆) with respect to (X, D) is denoted by lct(X, D; a) (resp. lct(X, D; ∆)). If a is co-supported at a single closed point x ∈ X, we denote by e(a) the Hilbert-Samuel multiplicity of a. We also denote e(x, X) := e(m x ).
Local invariants of singularities.
Definition 2.1. Let x ∈ (X, D) be a klt singularity of dimension n. We define the local volume vol(x, X, D) and the normalized colength ℓ(
When D = 0, we will simply write vol(x, X) and ℓ(x, X).
Note that our definition of local volume of a singularity is equivalent to Li's original definition [Li18] in terms of valuations by [Liu18, Theorem 27] . A refined version of normalized colengths was introduced in [BL18] in order to prove the lower semicontinuity of local volumes in families.
If moreover x is a smooth point on X, then vol(x, X, D) = n! · ℓ(x, X, D).
Proof. The first inequality follows from Lech's inequality [Lec60, Theorem 3]
The second inequality follows from the fact that
Proof. The minimal non-klt (resp. non-lc) colength of x ∈ (X, D) is achieved by some ideal a. By definition, we have lct(X, D; a) ≤ 1 (resp. < 1), hence ℓ(
2.3. Birational superrigidity. We refer to e.g. [CS08, Definition 1.25]) for the definition of birational superrigidity. We use the following equivalent characterization.
Definition 2.4. Let (X, D) be a pair. A movable boundary on X is defined as an expression of the form aM where a ∈ Q and M is a movable linear system on X. Its Q-linear equivalence class is defined in an evident way. If M = aM is a movable boundary, we say that the pair (X, D + M) is klt (resp. canonical, lc) if for k ≫ 0 and for general members
is klt (resp. canonical, lc) in the usual sense. For simplicity, we usually do not distinguish the movable boundary M and the actually divisor M k for suitable k.
Theorem 2.5 ([CS08, Theorem 1.26]). Let X be a Fano variety. Then it is birationally superrigid if and only if it has Q-factorial terminal singularities, Picard number one, and for every movable boundary M ∼ Q −K X on X, the pair (X, M) is canonical.
2.4. K-stability. We refer to [Tia97, Don02] for the definition of K-stability. We only need the following criterion in this note. for every effective divisor D ∼ Q −K X , then X is K-stable.
Hypersurfaces with ordinary singularities
We start with the proof of Theorem 1.6, which relies on the following result:
Lemma 3.1. Let X be a projective variety with klt singularities and L an ample line bundle on
Proof. This is a special case of [Zhu18, Theorem 3.3] (with ∆ = 0 and λ = 1).
Proof of Theorem 1.6. We first prove the birational superrigidity of X under the assumptions (1) and (2). As n ≥ 2r+δ+2 ≥ δ+4, the singular locus of X has codimension at least 4 and by [Gro68, Corollaire 3.14], X is factorial. We also have ρ(X) = 1 since the cone over X is also factorial by another application of [Gro68, Corollaire 3.14]. By assumption (2), for every x ∈ X, a general complete intersection of codimension 2r+δ > δ+1 containing x has klt singularities, hence by inversion of adjunction, X has terminal singularities (note that if x ∈ X is an isolated singularity and is not terminal, then a hyperplane section containing x is not klt). By Theorem 2.5, it remains to show that the pair (X, M) is canonical for every movable boundary M ∼ Q −K X .
Let M ∼ Q −K X be a movable boundary. By [Suz17, Proposition 2.1], we have mult S (M 2 ) ≤ 1 for every subvariety S of dimension ≥ 2r in the smooth locus of X.
It follows that mult x (M 2 ) ≤ 1 outside a subset Z of dimension ≤ 2r + δ (since a general complete intersection of codimension δ + 1 in X is smooth). By [dFEM04, Theorem 0.1], (X, 2M) is log canonical outside Z. Let x ∈ X and let Y = X ∩ P n−r−δ be a general linear space section of codimension 2r + δ containing x, then (Y, 2M| Y ) is lc outside a finite set of points. We have
. Therefore, (Y, M) is log canonical and by inversion of adjunction as before, (X, M) has canonical singularities and hence X is birationally superrigid. Now assume that X also satisfies (3). By Lemma 2.6, X is K-stable as long as lct(X;
by Lemma 3.1, hence by inversion of adjunction we get lct(X; D) > 1 2 as desired.
Using the above criterion, we can now give the proof of Theorem 1.2 and Theorem 1.3.
Lemma 3.2. Given m, r ∈ Z + , then there exists a constant N 0 depending only on m and r such that for every ordinary canonical complete intersection singularity x ∈ X of dimension n ≥ N 0 and embedding codimension r whose tangent cone has Fano index at least m, we have
Proof. For simplicity we only prove the inequality for minimal non-lc colength, since the other case is very similar. By [Zhu18, Theorem A.2], there exists a constant N 0 depending only on m and r such that for every smooth Fano complete intersection (in some P N ) of codimension r and dimension at least N 0 − 1 and every movable boundary M ∼ Q mH whose base locus has codimension at least m + 1 (where H is the hyperplane class), the pair (X, M) is canonical. We will prove that the lemma holds under this choice of N 0 . In other words, given n ≥ N 0 and X as in the statement of the lemma, we need to show that ℓ(O X /a) ≥ n−1 m for every a co-supported at x such that (X, a) is not lc. First notice that by the same degeneration argument as in §4, it suffices to prove this under the assumption that X is the cone over a Fano complete intersection V ⊆ P n−1+r of codimension r and index s ≥ m and the ideal a is homogeneous. In this case, we have X = Spec(R) where
and a ⊆ R is given by a graded system of linear series
hence the lemma would immediately follow once we prove the following claim:
To see this, let Z be the base locus of M m . Suppose that every component of Z has codimension at least m + 1, then since dim V = n − 1 ≥ N 0 − 1, the pair (V, M m ) is canonical by the choice of N 0 . As V has Fano index at least m, −(K V + M m ) is nef, hence the cone over (V, M m ) is lc by [Kol13, Lemma 3.1]. In particular (since M m ⊆ a), the pair (X, a) is lc, contrary to our assumption on a. It follows that some irreducible component, say, Z 0 of Z has codimension at most m. In other words, dim Z 0 ≥ n − 1 − m.
Let π : V P n−1−m be a general linear projection whose restriction to Z 0 is generically finite. Consider N = f
, then it is easy to see that dim N = n−1 m , so the claim would follow if we have M ∩ N = {0}. This last statement holds since every element of M vanishes along Z 0 while by construction of π, none of the elements of N (except zero) is identically zero along Z 0 . We thus complete the proof of the claim and hence the lemma as well.
Proof of Theorem 1.3. Let x ∈ X and let Y ⊆ X be a general complete intersection of codimension 2r + δ containing x, then the second assumption implies that Y has smooth tangent cone of Fano index at least 2r +δ +2 at x. By Lemma 3.2, ℓ nlc (x, Y ) grows at least like a polynomial in n of degree 2r + δ + 2, hence for n ≫ 0 we have
and therefore X is birationally superrigid by Theorem 1.6. The proof of K-stability is similar. 
Adjunction for local volumes and normalized colengths
In this section we prove Theorem 1.7 and its stronger form Theorem 4.6, using a degeneration argument similar to [LX16] .
For simplicity, we may assume X = Spec(R) is affine and (X, D) is klt. In addition, we may assume that K X + D ∼ Q 0 by shrinking X if necessary. Let m be the maximal ideal of R whose cosupport is x. Let H = (h = 0) be a normal Cartier divisor on X with h ∈ m. Denote A := R/(h) so that H = Spec A. In this section, H can be an irreducible component of D. Consider the extended Rees algebra R := ⊕ k∈Z a k t −k where
For any f ∈ R, suppose k = ord H (f ). Then we definef ∈ R to be the element
For an ideal b of R, let B be the ideal of R generated by {f : f ∈ b}. Let in(b) be the ideal of T generated by {in(f ) : f ∈ b}. Let m T := in(m), then it is clear that m T is a maximal ideal of T . (1) We have the identities:
(2) The C[t]-algebra R/B is free and thus flat as a C[t]-module. In particular, we have the identity of dimensions:
Since R is a C[t]-algebra that is a flat C[t]-module, it induces a flat morphism π :
Next we analyze the divisor
Let p i be the height 1 prime ideal in R corresponding to the generic point of
Then we know that the generic point D i corresponds to a height 1 prime ideal q i of R, where
Hence D i,0 is the same as the divisorial part of the ideal sheaf
Let q be the height 1 prime ideal of R corresponding to the generic point of H. We have
Hence H 0 is the same as the divisorial part of the ideal sheaf
, it is easy to see that q| X 0 corresponds to the principal ideal (s). Thus H 0 corresponds to H × {0} under the isomorphism X 0 ∼ = H × A 1 . To summarize, we have shown the following proposition.
Proposition 4.2. With the above notation, the family π :
Let x 0 ∈ X 0 be the closed point corresponding to m T . Then it is clear that π provides a special degeneration of (x ∈ (X, D)) to (x 0 ∈ (X 0 , D 0 )). By Proposition 4.2, there is a natural G m -action on (x 0 ∈ (X 0 , D 0 )) induced by the standard G m -action on A 1 . We define the G m -invariant local volume/normalized colength of (x 0 ∈ (X 0 , D 0 )) as 
Moreover,
Proof. The inequalities on log canonical thresholds follows from the lower semi-continuity of lct [Amb16, Corollary 1.10]. Thus for any m-primary ideal b, we have
Thus we have ℓ(
, hence the inequality on normalized colengths is proved. The last inequality on local volumes is proved in the same way as [LX16, Lemma 4.3] using graded sequence of ideals.
Next we compare the local volume and normalized colength of
Lemma 4.4. With the above notation, we have
is not klt at x by inversion of adjunction, in which case the lemma is trivial. Thus we may assume that (X 0 , D 0 ) is klt at x 0 , and (H, (D − cH)| H ) is klt at x. By Proposition 4.2, we have
We need to use a lemma on G m -equivariant valuations. Assume H = Spec A is affine. Let s be the parameter of
Lemma 4.5 ([AIP + 12, Section 11] and [LX17a, Theorem 2.15]). For any valuation v on C(H) and any ξ ∈ R, we can define a valuationṽ ξ on C(H × A 1 ) as follows:
Conversely, any G m -invariant valuation on C(H ×A 1 ) is of the formṽ ξ for some v ∈ Val H and ξ ∈ R. Moreover,ṽ ξ is centered at (x, 0) if and only if v is centered at x and ξ > 0. Now assume b is an ideal sheaf on H × A 1 cosupported at (x, 0), then we may write b as
For simplicity, we will not distinguish (X 0 [JM12, §5] , it suffices to prove this when v is quasi-monomial, in which caseṽ ξ is also quasi-monomial and the result is clear).
From the definition ofṽ ξ we see that v(
We know that lct(
where the last inequality follows from the AM-GM inequality. This proves the inequality on normalized colengths.
For the equality on local volumes, note that (see e.g. [Li18] for the definition of log discrepancy, volume and normalized volume of a valuation)
Hence again by the AM-GM inequality,
On the other hand, we have
Thus the equality is also proved.
Combining Lemma 4.3 and 4.4, we have the following theorem which yields Theorem 1.7 when c = 0. Theorem 4.6. Let x ∈ (X, D) be a klt singularity of dimension n. Let H be a normal reduced Cartier divisor of X containing x. Let c be the coefficient of H in D. Then we have
The equality of local volumes in Lemma 4.4 suggests a conjectural product formula for local volumes as follows. In this section we prove Theorem 1.4. Since the minimal non-klt (or non-lc) colength of a singularity is bounded from below by its normalized colength, we have the following criterion by combining Theorems 1.6 and Theorem 1.7:
Corollary 5.1. Let δ ≥ −1 be an integer and let X ⊆ P n+r be a Fano complete intersection of index 1, codimension r and dimension n. Assume that (1) The singular locus of X has dimension at most δ and 2n + 1 ≥ 3(r + δ); (2) For every x ∈ X and every general linear space section Y ⊆ X of codimension 2r + δ containing x, the normalized colength of (Y, x) satisfies ℓ(x, Y ) ≥ where the last inequality holds as 2n ≥ 3r + 3δ − 1 ≥ 2r + 3δ + i. This completes the proof.
Theorem 1.4 can now be deduced from the following lower bounds of local volumes and normalized colengths.
Lemma 5.2. Let x ∈ X be a hypersurface singularity of multiplicity m ≥ 2 and dimension n ≥ m. Assume that the tangent cone of x ∈ X is smooth in codimension m − 1, then vol(x, X) ≥ n n m m−1 , ℓ(x, X) ≥ n n /n! m m . Proof. It suffices to prove the first inequality since the second follows from the first by Proposition 2.2. Let Y = X ∩ H 1 ∩ H 2 ∩ · · · ∩ H n−m be a general complete intersection of dimension m containing x, then we have e(x, Y ) = e(x, X) = m and by our assumption on the tangent cone of X, we see that x ∈ Y has a smooth tangent cone V given by a smooth hypersurface of degree m in P m . It is clear that there exists a Q-Gorenstein flat
